ブブングン フクタイ ノ ホモトピー ドウチセイ ニ ツイテ BORSUK-ULAMガタ テイリ ノ ヘンカングンロンテキ アプローチ by 藤田, 亮介
Title部分群複体のホモトピー同値性について(Borsuk-Ulam 型定理の変換群論的アプローチ)
Author(s)藤田, 亮介




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University
On the homomotopy equivalence of the subgroup complex
(Ryousuke Fujita)
General Education, Wakayama National College of Technology
1
$G$ 1 1970 KBrown $G$
$\Psi$ $|S_{p}(G)|$
















$B_{p}(G)$ ( ) (
) Lefschetz $L_{G}(B_{p}(G))$ (2005
) $B_{p}(G)$
: $B_{p}(G)=$ { $G$ $P|P=O_{p}(N_{G}(P))$}($O_{p}(G)$ $G$ $\gamma$
) 2 Lefschetz
$B_{p}(G)$ Sylow
1 ($G$ ) (collection) $B_{p}(G)$
Bouc $S_{p}(G)$
$B_{p}(G)$
Quillen $A_{p}(G)=$ {$P|P$ $G$ elementary abelian $P$ }
Th\’evenaz Webb 1991 [18] 3
Lefschetz
3





Def 2.1. A $G$-poset is a partially ordered set together with a G-action which preaerve
the partial order(i.e. $a<b$ implies $ga<gb$). G-poset $X$ $G$-
6; The $n$-simplices are the totally ordered subsets: $x_{0}<x_{1}<\cdots<x_{n}$ . We say that a
poset $X$ is contractible if $|X|$ is contractible. $S_{p}(G),$ $A_{p}(G)$
conjugation $G$ $G$- Brown complex,
Quillen complex
Prop 2.2. If $f,$ $f^{j}$ are maps of posets such that for all $x\in X,f(x)\leq f’(x)$ , then $f\simeq f’$ .
Def 2.3. We say a poset $X$ is conically contractible if there exists a map of posets
$f:Xarrow X$ and an element $x_{0}\in X$ such that for all $x\in X,$ $x\leq f(x)\geq x_{0}$ .
$\Rightarrow$ $rx$ conically contractible $X$ contractible
( $\cdot.\cdot$ Prop 22) :
Prop 2.4. If $X$ is a poset with a greatest element l(or a least element $0$), then $X$ is
contractible.
Let $X$ be a poset. $X\leq x=\{y\in X|y\leq x\}$ $X,XX$
$X$ subposets
Prop 2.5. $X\leq x’ X\geq x$ contractible
3 $S_{p}(G)$
Given a map $f$ ; $Xarrow Y$ of posets and an element $y$ of $Y$ , we define subposets of $X$
as follows:
$f/y=\{x\in X|f(x)\leq y\}$
$y\backslash f=\{x\in X|f(x)\geq y\}$
Rem 3.1. $f/y=f^{-1}(Y\leq\nu)$ , $y\backslash f=f^{-1}(Y\geq y)$
Prop 3.2. (Quillen) $y\in Y$ $f/y$ (or $y\backslash f$) contractible
$f$
Prop 3.3. $A_{p}(G)\subset S_{p}(G)$
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Proof. $i:\mathcal{A}_{p}(G)arrow S_{p}(G)$ $P\in S_{p}(G)$ $i/P=\{P’\in$
$\mathcal{A}_{p}(G)|i(P’)\leq P\}=\mathcal{A}_{p}(P)$ nontrivial $\Psi$group $P$ $A_{p}(P)$
contractible $P$ $P$ $C_{P}(P)$ $P$
$P$ $B\subset(_{J}^{\tau_{P}}(P)$ ($C_{P}(P)$
) $B$ $f$ : $A_{p}(P)arrow \mathcal{A}_{p}(P);A\ovalbox{\tt\small REJECT}arrow AB$
well-defined $AB$ $A_{p}(P)$
$B\subset C_{P}(P)$ $B\triangleleft P$ $AB$ $P$ $x\in AB$
$x=ab(a\in A, b\in B)$ $x^{p}=(ab)^{p}=a^{p}b^{p}=1$
1 $P$ $y\in AB$ $y=cd(c\in A, d\in B)$
$xy=(ab)(cd)=a(bc)d=a(cb)d=c(ab)d=cd(ab)=yx$
$AB\in A_{p}(P)$ $A\leq AB\geq B$ $\mathcal{A}_{p}(P)$
contractible
Cor 3.4. $G$ nontrivial normal $S_{p}(G)$ contractible
$\mathcal{A}_{p}(G)$ contractible
Proof. $G$ nontrivial normal $P$ $N$ $f$ : $S_{p}(G)arrow S_{p}(G);P\vdash+$
$PN$ $PN$ $G$ $PN$ $|PN|= \frac{|P||N|}{|P\cap N|}$
$P$ * $PN$ $G$ $P$
well-defined $P\leq PN\geq N$ $S_{p}(G)$ contractible
Def 3.5. A subset $S$ of a poset $X$ will be called closed if $x’\leq x\in S$ implies $x’\in S$ .
Then we easily see that $X$ is closed iff $r_{x}\in S\Rightarrow X\leq x\subset S\rfloor$ .
Let $X,$ $Y$ be posets. Then we view the direct product $X\cross Y$ as a poset by
$(x, y)\leq(x’, y’)\Leftrightarrow r_{x}\leq x’$ and $y\leq y’\rfloor$ .
Let $Z$ be a closed subset of $X\cross Y$ . $p_{1}$ : $Zarrow X,$ $p_{2}$ : $Zarrow Y$ projection
poset map $Z_{x}=\{y\in Y|(x, y)\in Z\}$
$X=Y=R$ poset
$Z$
$(x, y)\in Z$ $XxY\leq(x,y)\subset Z$
$Z$ $X\cross Y$ cloeed set
Prop 3.6. $x\in X$ contractible $p_{1}$ : $Zarrow X$
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Proof. $Z_{x}$ $x\backslash p_{1}$ $x\backslash p_{1}$ contractible
$p_{1}$ : $Zarrow X$ $u:Z_{x}arrow$
$x\backslash p_{1}$ ; $yrightarrow(x, y),$ $v$ ; $x\backslash p_{1}arrow Z_{x};(x’, y)rightarrow y$ vu$(y)=y,$ $uv(x’, y)=(x, y)\leq$
$(x’, y)(\cdot.\cdot x\backslash p_{1}=\{(x’, y)|p_{1}(x’, y)=x’\geq x\})$ ‘ $Z_{x}$ $x\backslash p_{1}$
$Z_{x}$ contractible $x\backslash p_{1}$ contractible $p_{1}$ : $Zarrow X$
Cor 3.7. $x\in X,$ $y\in Y$ $Z_{x},$ $Z_{y}$ contractible $X,Y$
G-poset $X$ $|X|^{G}=|X^{G}|$
$\mathcal{A}_{p}(G)$ G-action
$|A_{p}(G)|^{G}\neq\emptyset\Leftrightarrow G$ nontriviaJ normal torus
Prop 3.8. $A_{p}(G)$ $G$
Pmof. $\mathcal{A}_{p}(G)^{G}\neq\emptyset$ $|A_{p}(G)^{G}|=|\mathcal{A}_{p}(G)|^{G}\neq\emptyset$ ‘ $G$ non-
trivial normal torus $H$ $G$ nontrivial $subgroup$
Cor 34 $A_{p}(G)$
Def 3.9. Let $H$ be a p.subgroup of $G$ . We let $S_{P}(G)>H$ be the subposet of $S_{p}(G)$
consisting of subgroups $>H$ . $\Rightarrow S_{p}(G)=S_{P}(G)>\{1\}$
Prop 3.10. $S_{P}(G)>H$ $S_{p}(N_{G}(H)/H)$
Proof. $K$ $H$ $G$ (
) $\circ$ NK(H) $=N_{G}(H)\cap K\supset H$ $\iota:S_{p}(N_{G}(H))>Harrow$
$S_{p}(G)>H$ $r:S_{p}(G)>Harrow S_{P}(N_{G}(H))>H;K\vdash-\rangle$ $N_{K}(H)$ $ro\iota=id,$ $\iota r(K)\leq$
$K$ $\iota\simeq r$ $S_{P}(N_{G}(H))>H\cong S_{p}(N_{G}(H)/H)$
$S_{p}(G)>H$ $S_{p}(N_{G}(H)/H)$
( ) $S_{P}(N_{G}(H))>H=$ {$N_{K}(H)|K$ $H$ $G$ } $N_{N_{K}(H)}(H)=$
$N_{K}(H)$ $!!$
4
Let $G$ be a finite group whose order is divisible by $P$ , and let $P$ be a Sylow subgroup
of $G$ . We consider the restriction of the action of $G$ on $|S_{p}(G)|$ given by conjugation to
the subgroup $P$ .
Def 4.1. $K$ $K’$ $K’$ $K$
(barycentric gubdivision) ;
$K’=\{s’=(s_{0}, s_{1}, \cdots s_{k})|s;\in K, s_{0}\subset\cdots\subset s_{k}\}$
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G- $K$ $K’$ $G$- $s’=$ $(s_{0}, s_{1}, \cdots , s_{k})\in$
$K’$ $gs’=(gs_{0},gs_{1}, \cdots.’ gs_{k})$ $gs;\in K$ $gso\subset\cdots\subset gs_{k}$
$gs’\in K’$
$s’\cap gs’\ni s$ ( ) $G_{\epsilon’}\ni g$ }
$(s,gs)\subset gs’$ $(s,gs)$ $K’$
$s\subset gs$ $s\supset gs$ $s$ $gs$
$s=gs$ $G$- $K$ $K’$
admis8ib1e $|K|=|K’|$ $K$
$K$ admissible
Lem 4.2. $|S_{p}(G)|$ $P$ $(=\{x\in|S_{p}(G)||P_{x}\neq\{e\}\})$ contractible
Prvof. $|S_{p}(G)|$ $|Y|$ $P$ con-
tractible
$\bigcup_{H}|Y|^{H}=\bigcup_{H}|Y^{H}|=|\cup Y^{H}|$
$Y’=\cup Y^{H}$ $H$ $S_{p}(P)$ $Y’$ contractible
$Z=\{(H, y)|y\in Y^{H}\}\subset S_{p}(P)\cross Y’$ closed subset $H\in S_{p}(P),$ $y\in Y’$
$Z_{H}=Y^{H},$ $Z_{y}=S_{p}(P_{y})$ $H\in S_{p}(P),$ $y\in Y’$ $Z_{H},$ $Z_{y}$
contractible Cor3.6 $S_{p}(P)$ $Y’$
$S_{p}(P)$ $P$ $Y’$
$Z_{H},$ $Z_{y}$ contractible $Y’$
$y\in Y’$ $P_{y}$ nontrivid )$ygroup$ $Z_{y}=S_{p}(P_{y})$ contractible
$|Z_{H}|=|Y^{H}|=|S_{p}(G)^{H}|$ $|S_{p}(G)^{H}|$ conically contractible
contractible ( $arrow H\in S_{p}(P)$ $Q\leq QH\geq H$ )
$S_{p}(G)$ simplicial complex $\chi(S_{p}(G))$
The 4.3. (Brown) $\chi(|S_{p}(G)|)\equiv 1$ mod the order of the Sylow group $P$
Proof. Lem $|Y’|$ I2 contractible
$\chi(|S_{p}(G)|)=\chi(|Y|)=1+\chi(|Y|, |Y’|)$
$|Y|\backslash |Y’|$ $P$ free $\chi(|Y|, |Y’|)$ the order of the Sylow
group $P$
( ) Brown Quillen
David Gluck, Tomoyuki Yoshida BUrn8ide ring
:
David Gluck, Idempotent formula for the Bumside algebra wrth aPPlication to the P-
subgrvup simplical complex, Illinois J.Math 25 $(1981),.63- 67$ .
Tomoyuki Yoshida, $Idem\mu tent$ of Burnside Rings and Dress Induction Theorem, J.
Algebra 80(1983), $9h105$ .
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5
posetP $I(P)=\{(x, y)\in P\cross P|x\leq y\}$ $I(P)$
$\mathbb{Q}$ $f$ : $I(P)arrow \mathbb{Q}$ $A_{\mathbb{Q}}(P)$ $f,$ $g\in A_{\mathbb{Q}}(P),$ $a\in \mathbb{Q}$
$f+g\in A_{\mathbb{Q}}(P)$ , $af.\in A_{\mathbb{Q}}(P)$
$(f+g)(x, y)=f(x, y)+g(x, y)$ $((x, y)\in I(P))$
$(af)(x, y)=af(x, y)$ $((x, y)\in I(P))$
$A_{\mathbb{Q}}(P)$ $\mathbb{Q}$
$(fg)(x, y)= \sum_{x\leq z\leq y}f(x, z)g(z, y)$
Prop 5.1. $A_{Q}(P)$ $f,g\in A_{\mathbb{Q}}(P),$ $a\in \mathbb{Q}$ $a(fg)=$
$(af)g=f(ag)$ $A_{\mathbb{Q}}(P)$ $\mathbb{Q}$ .
Proof. $A_{Q}(P)$ $\delta$ ;
$\delta(x,y)=\{\begin{array}{ll}1 (x=y)0 (x<y)\end{array}$
$(f \delta)(x,y)=\sum_{x\leq z\leq y}f(x, z)\delta(z, y)=f(x,y)$
,
$(. \delta f)(x, y)=\sum_{x\leq z\leq y}\delta(x, z)f(z, y)=f(x,y)$
$f\delta=\delta f=f$ , $\delta$ $A_{\mathbb{Q}}(P)$ ( )
Def 5.2. $A_{Q}(P)$ poset $P$ (adjoining algebra)
Prop 5.3. $A_{\mathbb{Q}}(P)$ $f$ $A_{\mathbb{Q}}(P)$ ( )
$x\in P$ $f(x, x)\neq 0$
Pmof. ( ) $fg=gf=\delta$ $g\in \mathbb{Q}$ $(fg)(x, x)=$
$f(x, x)g(x, x)=\delta(x, x)=1$ $x\in P$ $\circ$ $f(x, x)\neq 0$ . (
) $x\in P$ $f(x, x)\neq 0$ $g\in A_{Q}(P)$
$(i)g(x, x)=f(x, x)^{-1}$ $(x\in P)$
(ii) $x<y$ $g(x, y)=-f(x, x)^{-1} \sum_{x<z\leq y}f(x, z)g(z, y)$
o , $f(x, x)g(x, x)=\delta(x, x)=1$ $x<y$
$(fg)(x, y)= \sum_{x\leq z\leq y}f(x, z)g(z,y)$
$=f(x, x)g(x, y)+ \sum_{x<z\leq y}f(x, z)g(z,y)$
$=0$
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$A_{\mathbb{Q}}(P)$ $fg=\delta$ $h\in A_{\mathbb{Q}}(P)$
(i) $h(y, y)=f(y, y)^{-1}$ $(y\in P)$
(ii)’ $x<y$ $h(x, y)=-( \sum_{x\leq z<y}h(x, z)f(z, y))f(y,y)^{-1}$
$h(y, y)f(y, y)=\delta(y, y)=1$ $x<y$
$(hf)(x, y)= \sum_{x\leq z\leq y}h(x, z)f(z, y)$





Def 5.4. poset $P$ $\blacksquare$ (zeta function) $(x,y)\in I(P)$
$\zeta(x, y)=1$ $A_{\mathbb{Q}}(P)$ $\zeta$
Ex 5.5. $\zeta^{2}(x, y)=\sum_{x\leq z\leq y}.\zeta(x, z)\zeta(z, y)=\sum_{x\leq z\leq y}1=\#\{z\in P|x\leq z\leq y\}$
Ex 5.6. $\zeta^{3}(x, y)=\sum_{x\leq z\leq y}\zeta(x, z)\zeta^{2}(z, y)=\sum_{x\leq z\leq y}(\sum_{z\leq w\leq y}1)=\#\{(z, w)\in P\cross P|x\leq z\leq$
$w\leq y\}$
$\Rightarrow k>0$ $\zeta^{k}(x, y)=$ ( $k$ $x=x_{0}\leq x_{1}\leq\cdots\leq x_{k}=y$
)
Ex 57. $\zeta-\delta\in A_{\mathbb{Q}}(P)$
$(\zeta-\delta)(x, y)=\{\begin{array}{ll}1 (x<y)0 (x=y)\end{array}$
$( \zeta-\delta)^{2}(x, y)=\sum_{x\leq z\leq y}(\zeta-\delta)(x, z)(\zeta-\delta)(z,y)$
$= \sum_{x<z<y}1$
$=\#\{z\in P|x<z<y\}$
$\Rightarrow k>0$ $(\zeta-\delta)^{k}(x, y)=$ ( $k$ $x=x_{0}<x_{1}<\cdots<x_{k}=y$
)
Def 5.8. poeet $P$ $\zeta^{-1}$ $\mu=\mu p$
$P$ ( $M\tilde{o}biu\epsilon$ function) $\mu\zeta=\delta$ $\mu$
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(i) $\mu(x, x)=1$ $(x\in P)$
(ii) $x<y$ $\mu(x,y)=-\sum_{x\leq z<y}\mu(x, z)$
( 1) (ii) $x<y$ $\mu(x, y)=-\sum_{x<z\leq y}\mu(z, y)$
( 2) (i), (ii) $\mu$
$\sum_{x\leq z\leq\nu}\mu(x, z)=\sum_{x\leq z\leq\nu}\mu(z, y)=\{\begin{array}{ll}1 (x=y)0 (x\neq y)\end{array}$
The 5.9. poeet $P$ $P^{\wedge}=P\cup\{0^{A}, 1^{\wedge}\}$ $0^{\wedge}$ $1^{\wedge}$
$i$ $0^{\wedge}=x_{0}<x_{1}<\cdots<x;=1^{\wedge}$ $c$;
$\mu_{P^{A}}(0^{A}, 1^{A})=c_{0}-c_{1}+c_{2}-c_{3}+\cdots$
$Pr\infty f$. $c_{0}=0,$ $c_{1}=1$ $\mu=\zeta^{-1}$
$\mu_{P^{A}}(0^{A}, 1^{A})=(\delta+(\zeta-\delta))^{-1}(0^{A}, 1^{A})$
$=(\delta-(\zeta-\delta)+(\zeta-\delta)^{2}-\cdots)(0^{A}, 1^{A})$
$=\delta(0^{A}, 1^{A})-(\zeta-\delta)(0^{A}, 1^{A})+(\zeta-\delta)^{2}(0^{A}, 1^{A})-\cdots$
$(\zeta-\delta)^{i}(0^{A}, 1^{A})$ $0^{A}$ $1^{}$ $i$ $0^{\wedge}=x_{0}<x_{1}<\cdots<x;=1^{A}$
Def 5.10. poset $P$ ( $M\tilde{o}bius$ number) ‘ $\mu_{P^{A}}(0^{A}, 1^{A})$
$\mu(P)$
Notation 5.11. $\{1, 2, \cdots n\}$ poset $\underline{n}$
$\{1, 2, \cdots n\}$
poset $B_{n}$ $n$
poset $D_{n}$ $i\leq i\Leftrightarrow i|j$
Prop 5.12. 2 $n$ $B_{n}$
$Pmf$. $\underline{2}$ $n$ $P$ $P$ $(e_{1}, e_{2}, \cdots e_{n})$
$B_{n}$ $\{i\in[n]|e_{i}=2\}$ $\theta$
$\theta:Parrow B_{n}$ ; $(e_{1},e_{2}, \cdots, e_{n})\ovalbox{\tt\small REJECT}\mapsto\{i\in[n]|e;=2\}$
$(e_{1}, e_{2}, \cdots e_{n})\leq(e_{1}’, e_{2}’, \cdots e_{n}’)$ $i\in\theta((e_{1},e_{2}, \cdots, e_{n}))$
$2=e_{j}\leq e_{j}’$ $e_{j}’=2$ $\theta((e_{1}, e_{2}, \cdots,e_{\mathfrak{n}}))\subset\theta((e_{1}’,e_{2}’, \cdots, e_{n}’))$
$\theta$ $(e_{1}, e_{2}, \cdots, e_{n})\neq(e_{1}’,e_{2}’, \cdots, e_{n}’)$ $e_{j}\neq e_{j}’$
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$j$ $e_{j}=1,$ $e_{j}’=2$ ( $e_{j}=2,$ $e_{j}’=1$
) $i\not\in\theta((e_{1}, e_{2}, \cdots e_{n}))$ $j\in\theta((e_{1}’, e_{2}’, \cdots e_{n}’))$
$\theta((\epsilon_{1}, e_{2}, \cdots, e_{n}))\neq\theta((e_{1}’, e_{2}’, \cdots e_{n}’))$ 2 $n$ , $B_{n}$
$2^{n}$ $\theta$ $\theta^{-1}$
$S\in B_{n}$ “ 51 $e_{j}=\{\begin{array}{ll}2 (j\in S) \text{ } (e_{1}, e_{2}, \cdots e_{n})\in P \text{ }1 (j\not\in S)\end{array}$
$S\subset S’\in B_{n}$ $\theta^{-1}$ $\theta^{-1}(S)\leq\theta^{-1}(S’)$
$\theta^{-1}$ $P$ $B_{n}$
Prop 5.13. $\mu_{B_{n}}(0^{A}, 1^{\wedge})=(-1)^{n}$ , $\mu(B_{n})=(-1)^{n}$
Prvof. 2 $\mu(1,1)=\mu(2,2)=1$ $\mu(1,2)=-1$
2 $n$ P $0^{\wedge}=(1,1, \cdots 1),$ $1^{A}=(2,2, \cdots 2)$
$n$
$\mu_{B_{n}}(0^{A}, 1^{A})=\mu_{P}((1,1, \cdots 1), (2,2, \cdots 2))=\overline{\mu g(1,2)\cdot\mu_{l}(1,2)\cdots\mu_{l}(1,2)}=(-1)^{n}$
Prop 5.14. $n>0$ $n=p_{1}^{n_{1}}p_{2}^{n_{2}}\cdots p_{\epsilon}^{n}$. ( $p_{1},p_{2},$ $\cdots p_{l}$
$ni>0$) $D_{n}$ $n_{1}+1\otimes\underline{n_{2}+1}\otimes\cdots\otimes n_{\epsilon}+1$
Pmof. $P=n_{1}+1\otimes n_{2}+1\otimes\cdots\otimes n_{*}+1$ $P$ $(t_{1}, t_{2}, \cdots t_{\partial})$
$D_{n}$
$p_{1}^{\overline{t_{1}-1}}p_{2^{2}}^{t-1}\cdots p^{t}$: $\theta$
$\theta:Parrow D_{\mathfrak{n}}$ ; $(t_{1},t_{2\prime}\cdots n_{\partial})\vdasharrow p_{1}^{l_{1}-1}p_{2^{2}}^{t-1}$ ... $p_{l}^{t.-1}$
( $|P|=|D_{\mathfrak{n}}|=(n_{1}+1)\cdot(n_{2}+$
$1)\cdots(n_{\epsilon}+1)$ OK) $\theta^{-1}$ $m\in D_{n}$ $m|n$ $m=$
$p_{1}^{m_{1}-1}p_{2}^{m’-1}\cdots p_{s}^{m_{\iota}-1}$ ( $m_{i}\in\underline{n_{j}+1}$) $(m_{1}, m_{2}, \cdots m_{t})\in$
$n_{1}+1\otimes\underline{n_{2}+1}\otimes\cdots\otimes n,$ $+1$ $\theta^{-1}$
$P$ $D_{n}$
Cor 5.15. $n(>0)$ $s$ $D_{n}$ $B$,




$\mu_{D_{\hslash}}(0^{A}, 1^{\wedge})=\{\begin{array}{ll}(-1)^{\iota} ( n \text{ } s \text{ })0 (\text{ })\end{array}$
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Proof. $n>0$ $n=p_{1}^{n_{1}}p_{2}^{n_{2}}\cdots p_{s}^{n}$. ( $p_{1},p_{2},$ $\cdots p_{l}$
$ni>0$) $D_{n}$ $P=n_{1}+1\otimes\underline{n_{2}+1}\otimes\cdots\otimes n_{\epsilon}+1$
$1\leq i\leq j\leq n$
$\mu_{\underline{n}}(i,j)=\{\begin{array}{ll}1 ( i=j \text{ })-1 ( i=j-1 \text{ })0 ( i<j-1 \text{ })\end{array}$
$0^{A}=(1,1, \cdots 1),$ $1^{\wedge}=(n_{1}+1, n_{2}+1, \cdots n_{\iota}+1)$
$\mu_{D_{n}}(0^{\wedge}, 1^{\wedge})=\frac{l\text{ }}{\mu_{P}(1,n_{1}+1)\mu_{P}(1,n_{2}1)\cdots\mu_{P}(1,n_{\iota}+1)}=’$ $(-1)^{\iota}$ ( $n:=1$ )
$0$ ( )
$ni=1$ $n$ $s$
Prop 5.17. $p,$ $q\in D_{n}(p\leq q)$
$\mu_{D_{n}}(p, q)=\{\begin{array}{ll}1 (p=q \text{ })(-1)^{\epsilon} ( q/p \text{ } s \text{ })0 (\text{ })\end{array}$
$Pr\infty f$. $D_{n}$ $[p, q]\simeq$-Dq/p( ) $\mu_{D_{\hslash}}(p, q)=\mu_{D_{q’ p}}(0^{A}, 1^{A})$
( ) $\mu_{D_{\hslash}}(p, q)$
$\mu$ $P\cross P$
$\mu_{P\cross P}(x, y)=\{\begin{array}{ll}\mu(x, y) ((x, y)\in I(P))0 ((x, y)\not\in I(P))\end{array}$
$\mu_{PxP}$ $P$ $\mu$
Prop 6.18. $\eta=\zeta-\delta$ $\mu(x,y)=\sum_{k\geq 0}(-1)^{k}\eta^{k}(x, y)$ $(x,y\in P)$
$\eta^{0}=\delta$






$= \sum_{k\geq 0}(-1)^{k}\eta^{k}(x, y)$
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Prop 5.19. poset $P$ $\chi(P)=\sum_{x,y\in P}\mu(x, y)$
Proof. $P$ k- $k$ (chain) $\eta=$
$\zeta-\delta$ $k\geq 1$ $\eta^{k}(x, y)$ $x,$ $y$ $k$
$\eta^{0}(x, y)=\delta(x, y)=$ (Kronecker ), $\delta(x, y)=\{\begin{array}{l}(x=y)0(x\neq y)\end{array}$
$\sum_{x,y\in P}\eta^{0}(x, y)$
$P$ ( $0$- ) $\alpha_{k}$ $k$- $\mu(x, y)=$
$\sum_{k\geq 0}(-1)^{k}\eta^{k}(x, y)$
$(x, y\in P)$
$\sum_{x,y\in P}\mu(x, y)=\sum_{x,y\in P}(\sum_{k\geq 0}(-1)^{k}\eta^{k}(x, y))$




$= \sum_{x,y\in P}\delta(x, y)+\sum_{x,y\in P}(\sum_{k>0}(-1)^{k}\eta^{k}(x, y))$
$= \sum_{x_{1}\nu\epsilon P}\delta(x, y)+\sum_{k>0}(\sum_{x,y\in P}(-1)^{k}\eta^{k}(x, y))$
$= \alpha_{0}+\sum_{k>0}(\sum_{x,y\in P}(-1)^{k}\eta^{k}(x, y))$




Prop 5.20. $P$ $0$ $\chi(P)=1$ $\chi(P\backslash \{0\})=1-\sum_{x\in P}\mu(x)$
Prvof. $P$ $0$ $P$ $\chi(P)=1$
$\chi(P)=\sum_{x,y\in P}\mu(x, y)$
$\sum_{x,y\in P}\mu(x, y)=\sum_{0\leq x\in P}\mu(0, x)+\sum_{x,y\in P\backslash \{0\}}\mu(x, y)$
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$1= \sum_{0\leq x\in P}\mu(0, x)+\sum_{x,y\in P\backslash \{0\}}\mu(x, y)$




Prop 5.21. $0$ , 1 $P$ $\chi(P\backslash \{0,1\})-1=\mu(P)$
$\overline{\chi}(P\backslash \{0,1\})=\mu(P)$ X reduced Euler characteristic
Prvof. $P^{A}=P\cup\{0,1\}=P$ $F=P^{\wedge}-\{1\}$ $P$ $\overline{P}$
$\chi(\overline{P}\backslash \{0\})=1-\sum_{x\in \text{ }}\mu(x)$
$\overline{P}\backslash \{0\}=P\backslash \{0,1\}$
$\chi(P\backslash \{0,1\})-1=-\sum_{x\in\overline{P}}\mu(0, x)$





Rem 5.22. $(P\backslash \{0,1\})^{\wedge}=P\backslash \{0,1\}\cup\{0,1\}=\neg P\{0\}\cup\{0,1\}=P=P^{\wedge}$
(P\{0, $1\}$ ) $=\mu(P\backslash \{0,1\})$ o
Notation 5.23. $P$ 1, $0$ $P\backslash \{0,1\}$ $P^{o}$ or $\overline{P}$
1
The 5.24. $P,$ $Q$ $P^{0},$ $Q^{0}$ posets $\mu(P)=$
$\mu(Q)$ $\mu(P)\neq\mu(Q)$ $P^{O},$ $Q^{0}$
Cor 5.25. $P$ $P^{0}$ poset $\mu(P)=0$
$\mu(P)\neq 0$ $P^{0}$
The 5.26. $P,$ $Q$ $P\backslash \{0\},$ $Q\backslash \{0\}$ poeets
$\sum_{x\in P}\mu(x)=\sum_{\nu\in Q}\mu(y)$ $\sum_{x\in P}\mu(x)\neq\sum_{\nu\in Q}\mu(y)$
$P\backslash \{0\},$ $Q\backslash \{0\}$
Cor 5.27. $P$ $P\backslash \{0\}$ poset $\sum_{x\in P}\mu(x)=0$
$\sum\mu(x)\neq 0$ $P\backslash \{0\}$
$x\in P$




Brown complex $S_{p}(G)$ , Quillen complex $A_{p}(G)$ $S_{p}(G)h\epsilon\simeq A_{p}(G)$
Cor 5.29. $\sum_{x\in S_{p}(G)}\mu(x)=\sum_{y\in B_{p}(G)}\mu(y)$
$G$ non-trivial $S_{p}(G)$ contractible
Prop 5.30. $G$ non-trivial
$\sum_{x\in S_{P}(G)}\mu(x)=0$
6
(order complex) $P\backslash \{0\}$ 1- $\sum_{x\in P}\mu(x)$
$\chi(P\backslash \{0\})=1-\sum_{x\in P}\mu(x)$ Brown homological
Sylow
$|G|_{p}| \sum_{x\in S_{p}(G)}\mu(x)$
( $|G|_{p}$ $G$ Sylow subgroup )
$\sum$ $\mu(x)\equiv 0$ mod $|G|_{p}$
$x\in S,(G)$
$\mu$ $\mu s(G)$ subgroup lattice
$S(G)$
Def 6.1. $H<G$ $\mu(H)=\mu(1, H)$ , $H=G$ $\mu(1, G)=\mu(S(G))(=$
$S(G)$ ) $H$ $G$
Rem 6.2. $H<G$ $\mu(H)=\mu s(H)(1, H)$ ( $arrow$ ) $H$
$=S(H)$ $G$ $=S(G)$
Brown homological Sylow
The 6.3. (Th\v{c}venaz 1987 [17]) $n$ $|G|$
$\sum$ $\mu(X)\equiv 0$ mod $n$
$X\leq G$ $|X||n$
$n=|G|_{p}$ Brown homological Sylow
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The 6.4. (Hawkes, Isaacs, Ozaydin 1989 [6]) $H$ $G$ ‘ $n$ ‘ $|G|$




Prop 6.5. $p$ 1 $C_{p^{n}}$
$\mu(C_{p^{n}})=\{\begin{array}{ll}-1 (n=1)0 (n\neq 1)\end{array}$
Prop 6.6. Let $P$ be a group of order $p^{\mathfrak{n}}(n\geq 2)$ .
$\mu(P)=\{\begin{array}{ll}(-1)^{n}p^{()}2n ( P \text{ } elementary abelian)0 (others)\end{array}$
$\mu(C_{p})=\mu(1, C_{p})=-\mu(1,1)=-1$ $G=C_{p}\cross C_{p}$
$\mu(C_{p}\cross C_{p})=\mu(1, C_{p}\cross C_{p})=-(\mu(1,1)+(p+1)\mu(1, C_{p}))=p$ 6
Prop 6.7. $\mu(A_{5})=-60,$ $|Aut(A_{6})|=120$
7
Def 7.1. Let $P$ be a poset. $P\ni x,$ $y$ complements $\{x, y\}$ $P$
$x\perp y$ $\perp(s)=\{x\in P|x\perp s\}$
$P$ antichain 2
Prop 7.2. (Homotopy complementation formula) [3] $0^{A}$ $1^{A}$
$(L, \leq)$ $s\in\overline{L}=L-\{0^{\wedge}, 1^{\wedge}\}$ $\perp(s)$ antichain
$\overline{L}\simeq\vee\sum((0^{\wedge}, x)*(x, 1^{A}))x\perp\iota$
$(x, y)=\{z\in L|x<z<y\}$
Prop 7.3. $\overline{B_{n}}=B_{n}-\{0^{\wedge}, 1^{A}\}$ $\overline{B_{\mathfrak{n}}}$ $S^{n-2}$
$\mu(\overline{B_{n}})=(-1)^{n}$
$S(G)$ proper part $\overline{S(G)}=S(G)-\{0^{A}, 1^{A}\}$ $S(G)$
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Prop 7.4. $S$ non-abelian simple group
$G= \frac{ntimea}{S\cross S\cross\cdots\cross S}$
$S(G)^{G}$ $S^{n-2}$ $\mu(S(G)^{G})=(-1)^{n}$
Prop 7.5. $C_{p}$ $P$
$G= \frac{ntime8}{C_{p}\cross C_{p}\cross\cdots\cross C_{p}}$
$S(G)$
$S^{n-2}$ $p^{(_{2}^{n})}$ $\mu(S(G))=(-1)^{n}p^{()}2n$




\Psi $P$ $P$ $S_{p}(P)$ $S_{p}(P)\simeq$
$t*\}$ $G$ $C_{p^{\hslash}}$ $S_{p}(G)=\Delta^{n-1}$ $S(G)^{0}=\Delta^{n-2}$
$n$
$G$ elementary abelian $P$ $\overline{C_{p}\cross C_{p}\cross\cdots\cross C_{p}}$ $S(G)^{0}\simeq S^{n-2}$
$G$ $S_{p}(G)$ ([11])
The 8.1. (F.Francesco 2005 [5]) Let $G$ be a finite solvable group and $p$ an odd prime
number dividing the order of $G$ . The Quillen complex of $G$ at $p$ is homotopy equivalent
to a wedge of spheres.
$\underline{R-}$ $G$ Quillen complex $A_{p}(G)$
? $P$ $G$
$S_{n}$ $A_{p}(S_{n})(orS_{p}(S_{n}))$
$A_{6}$ $A_{5}$ 4 $A_{4}$ , 10, 6, 4 2





. $S(G)/G$ $S(G)$ $G$
$G$ $G$ $(H),$ $(K)\in S(G)/G$ $H=g-1Kg$
$g\in G$ $(H)\leq(K)$ .
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$A\epsilon$ $60=2^{2}\cross 3\cross 5$ Sylow-2 $V(=D_{4})$ , Sylow-3 $C_{3}$ ,
Sylow-5 $C_{5}$ $2k+1,3l+1,5m+1$ $A_{5}$ 20
3 2
3 2
$V(=D_{4})$ 5 , $C_{3}$ 10 , $C_{5}$ 6 $C_{2}$ 15 $V$
$C_{2}$ 15 3 $\Rightarrow S_{3}(A_{5})$ 10 , $S_{5}(A_{5})$ 6
$S_{2}(A_{5})$ 1 wedge 5
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- ‘ $N$ $G$
$N=1\Leftrightarrow G$
$G$ $N\neq 1$ $X\leq XN\geq N$
$S(G)^{o}$ contractible $C_{p^{\mathfrak{n}}}$
$N\neq 1$ $S(G)^{o}$ contractible $S_{p}(G)=S(G)^{0}\cup\{1\}$
contractible
$A_{5}$ $\mu(A_{S})=-60$ $S(A_{5})^{\text{ }}$ contractible
$S_{p}(A_{5})(p=2,3,5)$ contractible
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